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EULER SEQUENCE AND KOSZUL COMPLEX OF A MODULE 


BJORN ANDREAS, DARIO SANCHEZ GOMEZ, AND EERNANDO SANCHO DE SALAS 


Abstract. We construct relative and global Euler sequences of a module. We 
apply it to prove some acyclicity results of the Koszul complex of a module and 
to compute the cohomology of the sheaves of (relative and absolute) differential 
p-forms of a projective bundle. In particular we generalize Bott’s formula for 
the projective space to a projective bundle over a scheme of characteristic zero. 


Introduction 

This paper deals with two related questions: the acyclicity of the Koszul complex 
of a module and the cohomology of the sheaves of (relative and absolute) differential 
p-forms of a projective bundle over a scheme. 

Let M be a module over a commutative ring A. One has the Koszul complex 
Kos(M) = A'M^aS'M, where A'M and S'M stand for the exterior and symmetric 
algebras of M. It is a graded complex Kos(M) = 0 „>qKos(M)„, whose n-th 
graded component Kos(M)„ is the complex: 

0 -1- A"M -1- A”"^M O M -> A""2m 0 S^M ->- > M® -> S'"M -> 0 

It has been known for many years that Kos(M)ji is acyclic for n > 0, provided that 
M is a flat A-module or n is invertible in A (see [3] or m)- It was conjectured in 
m that Kos(M) is always acyclic. A counterexample in characteristic 2 was given 
in [5], but it is also proved there that Hf^(Kos{AI)i^) = 0 for any M, where p is 
the minimal number of generators of M. Leaving aside the case of characteristic 2 
(whose pathology is clear for the exterior algebra), we prove two new evidences for 
the validity of the conjecture (for A noetherian): firstly, we prove (Theorem 11.611 
that, for any hnitely generated M, Kos(M)„ is acyclic for n >> 0; secondly, we 
prove (Theorem 1 1.7p that if I is an ideal locally generated by a regular sequence, 
then Kos(/)n is acyclic for any n > 0. These two results are a consequence of 
relating the Koszul complex Kos(M) with the geometry of the space P = Proj S'M, 
as follows: 

First of all, we shall reformulate the Koszul complex in terms of differential 
forms of S' M over A: the canonical isomorphism ^g-^/A ~ S'M allows 

us to interpret the Koszul complex Kos(M) as the complex of differential forms 
whose differential, in'- is the inner product with the 

A-derivation D -. S'M -A S'M consisting in multiplication by n on S'^M. By 
homogeneous localization, one obtains a complex of Op-modules Kos(M) on P. 
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Our first result iTheorem 11.41) is that the complex Kos(M) is acyclic with factors 
(cycles or boundaries) the sheaves Moreover, one has a natural morphism 

Kos(M)„ ^ 7r*[Kos(M) (g) C>p(n)] 

with TT: P —>■ Spec A the canonical morphism. In Theorem 11.51 we give (coho- 
mological) sufficient conditions for the acyclicity of the complexes Kos(M)n and 
7r*[Kos(M) (g) 0]p(n)]. These conditions, under noetherian hypothesis, are satisfied 
for n >> 0, thus obtaining Theorem 11.61 The acyclicity of the Koszul complex of 
a locally regular ideal follows then from Theorem 11.51 and the theorem of formal 
functions. 

The advantage of expressing the Koszul complex Kos(M) as is two¬ 
fold. Firstly, it makes clear its relationship with the De Rham complex d): 

The Koszul and De Rham differentials are related by Cartan’s formula: ia o 
d-|-doi£) = multiplication by n on Kos(M)„. This yields a splitting result (Propo¬ 
sition [1110] or Corollary 1 1.1 111 which will be essential for some cohomological results 
in section |3| as we shall explain later on. Secondly, it allows a natural gener¬ 
alization (which is the subject of section |2|): If A is a /c-algebra, we define the 
complex Kos(M/fc) as the complex of differential forms (over k), whose 

differential is the inner product with the same D as before. Again, one has that 
Kos(M//c) = 0„>Q Kos(M/fc)„ and it induces, by homogeneous localization, a 

complex Kos(M/fc) of modules on P which is also acyclic and whose factors are the 
sheaves fTheorem 12.11) . We can reproduce the aforementioned results about 

the complexes Kos(M)„, Kos(M), for the complexes Kos(M/fc)„, Kos{M/k). 

SectionjSjdeals with the second subject of the paper: let be a locally free module 
of rank r -|- 1 on a /c-scheme X and let tt : P A be the associated projective 
bundle, i.e., P = Proj «S"f. There are well known results about the (global and 
relative) cohomology of the sheaves (n) and Dp^^ (n) (we are using the standard 
abbreviated notation J\f{n) = M 0 Op{n)) due to Deligne, Verdier and Berthelot- 
Illusie ([4], mm) and about the cohomology of the sheaves Dp (n) of the ordinary 
projective space due to Bott (the so called Bott’s formula, [2]). We shall not use 
their results; instead, we reprove them and we obtain some new results, overall 
when A is a Q-scheme. Let us be more precise: 

In Theorem 13.41 we compute the relative cohomology sheaves i?*7r»Op^^(n), ob¬ 
taining Deligne’s result (see [4] and also [12]) and a new (splitting) result, in the case 
of a Q-scheme, concerning the sheaves 7r*Dp^^(n) and i?’’7r*Dp^^(—n) for n > 0. 
We obtain Bott formula for the projective space as a consequence. In Theorem 
I3.11l we compute the relative cohomology sheaves i?V*Dp^^(n), obtaining Verdier’s 
results (see m) and improving them in two ways: first, we give a more explicit 
description of 7r*Dp^^(n) and of i?’'7r,Dp^^(—n) for n > 0; secondly, we obtain a 
splitting result for these sheaves when A is a Q-scheme (as in the relative case). 

Regarding Bott’s formula, we are able to generalize it for a projective bundle, 
computing the dimension of the cohomology vector spaces LP^(P, Dp^^(n)) and 
iL'J(P, Dp^^(n)) when A is a proper A:-scheme of characteristic zero 1 Corollaries 13.71 
and 13.141) . 

It should be mentioned that these results make use of the complexes Kos(i?) (as 
Deligne and Verdier) and Kos{£/k). The complex Kos(f) is essentially equivalent 
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to the exact sequence 

0 — Op/x — t {tt* £) 0 (Dp{ — 1 ) —y Op —> 0 

which is usually called Euler sequence. The complex K.os{£/k) is equivalent to the 
exact sequence 

0 —^ £tp/k ^B/k Op —^ 0 

with B = S'6, which we have called global Euler sequence. These sequences still 
hold for any A-module M (which we have called relative and global Euler sequences 
of M). The aforementioned results about the acyclicity of the Koszul complexes of 
a module obtained in sections [T] and [2] are a consequence of this fact. 


1. Relative Euler sequence of a module and Koszul complexes 

Let {X, O) be a scheme and let M. be quasi-coherent O-module. Let B = S'Xi 
be the symmetric algebra of M (over O), which is a graded O-algebra: the ho¬ 
mogeneous component of degree n 'is Bn = S^M. The module £Ib /0 of Khaler 
differentials is a graded 6-module in a natural way: B 6 is a graded O-algebra, 
with (6 0o B)n = (B Bp (8>e) Bq and the natural morphism B B ^ B 'is 

p+q=n 

a degree 0 homogeneous morphism of graded algebras. Hence, the kernel A is a 
homogeneous ideal and A/A^ = £1^/0 is a graded S-module. If bp,bq G B are 
homogeneous of degree p, q, then bp d bq is an element of £Ib/o of degree p + q. We 
shall denote by ~ the p-th exterior power of fls/O: which is also 

a graded 6-module in a natural way. For each O-module Af, M 6 is a graded 
6-module with gradation: {Af B)n — Af Bn- Then one has the following 
basic result: 


Theorem 1.1. The natural morphism of graded B-modules 

A4 iS)o S[~l] ^Bjo 
b bdm 


is an isomorphism. Hence — A^AA ®o B[—p\, where A*A1 = X^AA. 


The natural morphism AA®oS^AA —>■ S'^'^^AA defines a degree zero homogeneous 
morphism of 6-modules TIb/O = AA ®o 1] —>■ 6 which induces an O-derivation 
(of degree 0) D: B ^ B, such that TIb/o ^ ^ is the inner product with D. This 
derivation consists in multiplication by n in degree n. It induces homogeneous 
morphisms of degree zero: 


*D: ^B/O 


^‘‘BjO 


and we obtain: 


Definition 1.2. The Koszul complex, denoted by Kos(AI), is the complex: 


Xll 


B/O 


^‘‘B/O 


Via Theorem o this complex is 


XI 


B/O 


B- 


( 1 . 1 ) 


XAA ®o B[-p] 


AA 


6^0 
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Taking the homogeneous components of degree n > 0, we obtain a complex of 
O-modules, which we denote by Kos(A^)n: 

0 ^ A^M A^-^M (g)oM — ^...^M0o S"-^M —^ S’^M 0 

such that Kos(A^) = © Kos(Al)„. 

n>0 

Now let P = Proj S and tt : P -A AT the natural morphism. We shall use the 
following standard notations: for each Op-module A/", we shall denote Af(n) = 
N ®Or C’p(n) and for each graded ,B-module N we shall denote by N the sheaf of 
Op-modules obtained by homogeneous localization. We shall use without mention 
the following facts: homogeneous localization commutes with exterior powers and 
for any quasi-coherent module C on X one has (£ ‘B[r]) = {'K*C){r). 

Definition 1.3. Taking homogeneous localization on the Koszul complex (HH) , we 
obtain a complex of Op-modnles, which we denote by Kos(A^): 

-( 1 . 2 ) 


By Theorem o ^B/o ~ {'^*A‘^M){—d), hence Kos(Al) can be written as 


{'K*A'^M){-d) 




Or 


Theorem 1.4. The complex ¥^os{M.) is acyclie (that is, an exact sequence). More¬ 
over, 


“v/x 

Hence one has exact sequences 


=Ker(nP 


B/O 




n ^ OP OP 
u —i- ^ “b/O 


B/O 


np~^ n 

“p/X ^ 


and right and left resolutions of ■ 

0 —)• Tlp^x ^B/O ^B/O ' 

- 1 ^B/o ■ 

In particular, for p = 1 the exact sequence 


n 


B/O 


Or —^ 0 


0 ^ n 


v/x —> 

is called the (relative) Euler sequence. 


Tl 


B/O 


oP+i oP _> n 
“b/o ^ “p/X ^ ^ 


Or —y 0 


(1.3) 


Proof. The morphism fljs/o Op is surjective, since Al©c>^[—1] —t -B is surjective 
in positive degree. Let K be the kernel. We obtain an exact sequence 

0 —^ IC —^ fig ^o —t Op — y 0 

Since Op is free, this sequence splits locally; then, it induces exact sequences 
0 ^ APR ^ AP-^K 0 

Joining these exact sequences one obtains the Koszul complex Kos(A4). This proves 
the acyclicity of Kos(A4). To conclude, it suffices to prove that K = Itp/x. 

Let us first define a morphism flp/x Hb/O- Assume for simplicity that X = 
Spec A. For each b € B oi degree 1, let Ub the standard affine open subset of P 
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defined by Ub = Spec(S(f,)), with B(b) the 0-degree component of Bb- The natural 
inclusion B(b) —>■ Bb induces a morphism ^ ^b^/a = {^B/A)b which takes 

values in the 0-degree component, (P-B/A){b)- Thus one has a morphism -A- 

(^B/A)(f))) i-G- a morphism T{Ub,flp/x) -A T(Ub,^B/A)- One checks that these 
morphisms glue to a morphism /: flp/x ~A ^b/a- This morphism is injective, 
because the inclusion B(^b) -A Bb has a retract, c„/6^ i-A c„/5”, which induces a 
retract in the differentials. The composition flp/x ~A ^b/a ~a Op is null, as one 
checks in each Ub' 

(io 


° /)(d(cfc/6'')) = in 


5^ d Cfc — Cfc d 
b2k 


b^ip dck - CkipAb^ 

b2k 


= 0 


because ipdcr = rcr for any element Cr of degree r. Thus, we have that flp/x is 
contained in the kernel of ftp/A ~A Op. To conclude, it is enough to see that the 
image of ^ ^b/a is contained in ^p/x- Again, this is a computation in each 
Ub', one checks the equality 



and the right member belongs to flp^^/A- 


□ 


For each n e Z, we shall denote by Kos(Ad)(n) the complex Kos(Af) twisted 
by Op{n) (notice that the differential of the Koszul complex is Op-linear). The 
differential of the complex Kos(Ad)(n) is still denoted by ip. 


1.1. Acyclicity of the Koszul complex of a module. 

Let us denote Kos(Al)„ := 7r*(Kos(Al)(n)). The natural morphisms —>• 

7r*[ng^jp(n)] give a morphism of complexes 

Kos(Af)„ —>■ Kos(A4)„ 

and one has: 


Theorem 1.5. Let M he a finitely generated quasi-coherent module on a scheme 
{X, O), P = Proj S’A4 and tt: P —> A the natural morphism. Let d be the minimal 
number of generators of Ai (i.e., it is the greatest integer such that A‘^A4 0) and 

n > 0. Then: 

(1) //= 0 for any j > 0 and any 0 < i < d, then Kos(Al)n is 
acyclic. 

(2) If (1) holds and the natural morphism -A '!T^,[n'‘^^^{n)] is an iso¬ 

morphism for any 0 < i < d, then Kos(Af)„ is also acyclic. 

Proof. (1) By Theorem ll.41 the complex Kos(Al)(u) is acyclic. Since the (non-zero) 
terms of this complex are ^^^(^(n), the hypothesis tells us that 7r*(Kos(Al)(8)Op(n)) 
is acyclic, that is, Kos(Al)„ is acyclic. 

(2) By hypothesis, Kos(Al)n —>• Kos(Af)n is an isomorphism and then Kos(Al)„ 
is also acyclic. □ 

Theorem 1.6. Let X be a noetherian^cheme and Ai a coherent module on X. 
The Koszul complexes Kos(Al)„ and Kos(Al)„ are acyclic for n » 0. 
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Proof. Indeed, the hypothesis (1) and (2) of Theorem 11.51 hold for n » 0 (see [H 
Theorem 2.2.1] and [U Section 3.3 and Section 3.4]). □ 


Theorem 1.7. Let I be an ideal of a noetherian ring A. If I is locally generated 
by a regular sequence, then Kos(/)„ and Kos(/)„ are acyclic for any n > 0. 


Proof. In this case tt : P —7> X = Spec A is the blow-up with respect to /, because 
S'"/ = /”, since / is locally a regular ideal ( 0 )- Let d be the minimum number of 
generators of I. By Theorem 11.51 it suffices to see that for any ^-module M and 
any 0 < i < d one has: 


W{¥, {'K*M){n-i)) 


0 ,ifj>0 
M®a if J = 0 


This is a consequence of the Theorem of formal functions (see O Corollary 
4.1.7]). Indeed, let us denote Yj. = Spec A//’', = 'K~^{Yr) and TTr'. Er Yr. 

One has that Er — Pioj is a projective bundle over Yr, because 

I^jr+i jg locally free y4//’'-module of rank d, since / is locally regular. Hence, 
for any module N on Yr and any m > —d one has 


W{Er,{KN)irn)) 


0 ,ifj>0 
N®a/i^ /'"//'"+^ifJ=0 


Now, by the theorem of formal functions (let m = n — i) 

W(P,{Tr*M){m))'^ = limW {Er, IT*{M/rM){m)) = 0, for j > 0. 

r 


For j = 0, the natural morphism M ^a /™ —//°(P, {tt*M){ m)) is an isomor¬ 
phism because it is an isomorphism after completion by I: 


H°{F,{Tr*M){m))^ = \imH°{Er,7T;{M/rM){m)) 

r 

= hm {M/FM) ®A/i- /’"//’"+'■ 

r 

= hm (M Oa 5 ""/) Oa A/F = {M ®a 

r 

□ 


Remark 1.8. Let d be the minimum number of generators of A4. Since Kos(Af) 
is acyclic and tt* is left exact, one has that 7/d(Kos(A4)„) = 0 for any n. One 
the other hand, it is proved in that 7/d(Kos(A4)d) = 0. One cannot expect 
Kos(A4)n —>■ Kos(A4)n to be an isomorphism in general. For instance, consider 
X = Spec A with A = klu,v, si, S 2 ,ti,t 2 ]/I where fc is a field and / = (—usi -I- 
vti +ut 2 ,vsi +US 2 — vt 2 ,vs 2 ,uti). Let M = {Ax (B Ay) / A{ux + vy), where u (resp. 
v) is the class of u (resp. v) in A. Then one can prove that the map M 7r,Op(l) 
is not injective (for details we refer to section 26.21 of The Stacks project). So 
that the question which arises here is whether Kos(A4)„ ^ Kos(A4)„ is a quasi¬ 
isomorphism. We do not know the answer, besides the acyclicity theorems for both 
complexes mentioned above. 
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1.2. Koszul versus De Rham. The exterior differential defines morphisms 

u. Jig /0 

which are O-linear, but not ,B-linear. One has then the De Rham complex: 

DeRham(A4) = 0 ^ S 4 Dg/o 4 • • • 4 4 ^ • 

which can be reformulated as 

0 -A S 4 7W Oo ^[-1] ^ ®o B[-p\ KP+^M ®o B[-p - 1] ^ • 

Taking into account that d is homogeneous of degree 0, one has for each n > 0 a 
complex of O-modules 

DeRham(7W)„ = 0 ^ S'^M ^M®o 5'”“^ ^-^ K^-^M ®o M ^ A^M 0 

The differentials of the Koszul and De Rham complexes are related by Cartan’s 
formula: iu o d + dozg) = multiplication by n on A^Ai 00 This immedi¬ 

ately implies the following result: 

Proposition 1.9. If X is a scheme overQ, then Kos{Ai)n and DeRham(At)n are 
homotopically trivial for any n > 0. In particular, they are acyclic. 

Now we pass to homogeneous localizations. The differential d: Dg/^ ^ 
is compatible with homogeneous localization, since for any ujk+n G degree 

k + n and any b & B oi degree 1, one has: 

1 / OJk+n \ _ b d U)k+n (d 6 ) A tVk+n 

Thus, for any n G 1 j, one has (O-linear) morphisms of sheaves 



and we obtain, for each n, a complex of sheaves on P: 

DeRham(At,n) = 0 —>■ Op(n) 4 Dg/ 0 (n) 4 • • • 4 —>■••• 

which can be reformulated as 

0 Or{n) 4 {tt*M){ n — 1 ) {ir*A^A4){n — p) ^ ■ 

It should be noticed that DeRham(At,n) is not the complex obtained for n = 0 
twisted by Op{n), because the differential is not Op-linear. 

Again, one has that io o d-|-dozg) = multiplication by n, on Hence, 

one has: 

Proposition 1.10. If X is a scheme overQ, then the complexes Kos(Al)(n) and 
DeRham(Al,n) are homotopically trivial for any n 7 ^ 0. 

Corollary 1.11. Let X be a scheme over Q. For any n 0, the exact sequences 



split as sheaves of O-modules (but not as Op-modules). 
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2. Global Euler sequence of a module and Koszul complexes 

Assume that (AT, O) is a fc-scheme, where fc is a ring (just for simplicity, one 
could assume that k is another scheme). Let M be an O-module and B = S'M. the 
symmetric algebra over O. Instead of considering the module of Kahler differentials 
of B over O, we shall now consider the module of Kahler differentials over fc, that is, 
^B/k- As it happened with ils/o (section[T]) , the module is a graded 6-module 
in a natural way. The O-derivation D : Z? —^ B is in particular a fc-derivation, hence 
it defines a morphism iu: ^s/k which is nothing but the composition of the 

natural morphism ^B/k ^Bjo with the inner product id : flg/o —^ B defined in 
section [TJ Again we obtain a complex of ,6-modules zd) which we denote by 

Kos(Ad/A:): 


( 2 . 1 ) 

and for each n > 0 a complex of O-modules 

Kos(7W/fc)„ =-- -- [ns/k]u S^M -- 0 

By homogeneous localization one has a complex of Op-modules, denoted by 
Kos(Ad/fc): 


fjp . oP-i -2R- 


^B/k Op 


0 


Theorem 2.1. The complex Kos{A4/k) is acyclic (that is, an exact sequence). 
Moreover, 


^p/fe “ 




Hence one has exact sequences 


0 %/k ^B/k ^ ^P/k 0 


and right and left resolutions of Tip 




n 


B/k 


Op —0 


-^ ^B/k ^B/k -^ ^P/k 0 

In particular, for p = 1 the exact sequence 

0 —>■ Tlp/k —^ Op —^ 0 

is called the (global) Euler sequence. 

Proof. It is completely analogous to the proof of Theorem 11.41 

Let us denote Kos(AI/fc)„ := 7r,(Kos(A4/A:)(n)). The natural morphisms 

give a morphism of complexes 

Kos(AI/fc)„ —>• Kos(A4/A:)„. 

In complete analogy to the relative setting we have the following: 


( 2 . 2 ) 


□ 













EULER SEQUENCE AND KOSZUL COMPLEX OF A MODULE 


9 


Theorem 2.2. Let M be a finitely generated quasi-coherent module on a scheme 
{X,0), B — S'M, P = ProjS and tt: P —>■ X the natural morphism. Let d' be the 
greatest integer such that ^ 0 and n > 0. Then: 

(1) If = 0 for any j > 0 and any 0 < i < d', then Kos{M/k)n 

is acyclic. 

(2) If (1) holds and the natural morphism ^ 

morphism for any 0 < i < d', then I^os{M./k)n is also acyclic. 

Theorem 2.3. Let X be a noetherian scheme and A4 a coherent module on X. 
The Koszul complexes Kos(Al/A:)„ and Kos{A4/k)n are acyclic for n >> 0. 

2.1. Koszul versus De Rham (Global case). Now we pass to the De Rham 
complex (over k). The fc-linear differentials 


d ■ 


oP+i 

‘‘‘‘B/k 


give a (global) De Rham complex 

DeRham(Al/A:) = 0 ^ B ^ Lljs/k 


oP-i A OP ^ , 

“B/fc ^ “B/fe ^ 


which is bounded if X is of finite type over k. Since d is homogeneous of degree 0, 
one has for each n > 0 a complex of G-modules (with fc-linear differential) 


DeRham(7W/A:)„ = 0 ^ S'"Ad A pB/kU A ■■■ A 


B/k\ 




One has again Cartan’s formula: ijo od + doi^j = multiplication by n, on 
and then: 

Proposition 2.4. If X is a scheme overQ, then Kos(j\4/k)n and DeRham(j\4/k)n 
are homotopically trivial (in particular, acyclic) for any n > 0. 

As in section HH we can take homogeneous localizations: for each n G Z, the 
differentials —>■ induce fc-linear morphisms 

^B/kA) ^B/kA) 

and one obtains a complex of Op-modules (with fc-linear differential) 

DeRham(A4/fc, n) = 0 —Op(n) IlB/kA) A ■■■ A Og^^(n) ■ 

Again, the differentials of Koszul and De Rham complexes are related by Cartan’s 
formula: in od-l-doz^i = multiplication by n, on Og^^(n), so one has: 

Proposition 2.5. Let X be a scheme over Q. The complexes Kos(At/fc)(n) and 
DeRham(Ad/fc, n) are homotopically trivial (in particular, acyclic) for any nf^O. 

Corollary 2.6. If X is a scheme over Q, then for any nf^O, the exact sequences 

0 —>■ np^^(n) —^ ^ 0 

split as sheaves of k-modules (but not as Op-modules). 


10 


B. ANDREAS, D. SAnCHEZ GOMEZ, AND F. SANCHO DE SALAS 


3. Cohomology of projective bundles 

In this section we assume that is a locally free sheaf of rank r +1 on a /c-scheme 
(X,0). Let B = S'£ he its symmetric algebra over O and P = ProjS ^ X the 
corresponding projective bundle. Our aim is to determine the cohomology of the 
sheaves r2p^^(n) and 

3.1. Cohomology of Op^^(n). 

Notations: In order to simplify some statements, we shall use the following 
conventions: 

(1) S^£ = 0 whenever p < 0, and analogously for exterior powers. 

(2) For any integer p, we shall denote p = r + 1 — p. 

(3) For any O-module M, we shall denote by M* its dual: A4* = 'Horn {M, O). 
We shall use the following well known result on the cohomology of a projective 

bundle: 


Proposition 3.1. Let n be a non negative integer. Then 


i?*7r*Op(n) 


0 for i ^0 

S^£ for i = 0 


If n is a positive integer, then 


n) 


0 


for i^r 
for i = r 


We shall also use without further explanation a particular case of projection 
formula: for any quasi-coherent module Jf on X and any locally free module C on 
P such that is locally free (for any j), one has 

ffTT* (ttW ® £) =Af^ i?*7r,£. 


Proposition 3.2. Let n be a non negative integer. Then 



0 for i 7 ^ 0 

XP£ ® S'”-P£: for i = h 


For any positive integer n, one has 



0 

AP£* ® s^-P£* 


for i ^ r 

for i = r with p = r + 1 — p 


Proof. Since = (it* AP£)(—r)). the results follows from Proposition IXTl For the 

second formula we have also used the natural isomorphism AP£ = AP£*(8>A’’+^£. □ 


Remark 3.3. Notice that A^S S" p£ = Thus, Proposition 13.21 and 

Theorem O tell us that Kos(£)„ —>■ Kos(£)n is an isomorphism for any n > 0 
and the Koszul complexes Kos{£)„ and Kos(£)„ are acyclic for any n > 0 (thus we 
obtain the well known fact of the acyclicity of the Koszul complex of a locally free 
module). 

Let us denote by the kernels of the morphisms jd in Kos(£)„, that is, 

:= Ker {AP£ (g) S^-P£ Ap-^£ (g S'^-p+^S) 

One has the following result (see [12] or [U Expose XI] for different approaches). 
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Theorem 3.4. Let £ he a locally free sheaf of rank r + 1 on a k-scheme {X, O) 
and P = Proj S'£ X the corresponding projective bundle. 

Let n he a positive integer number. 


( 1 ) 




o 

0 


if 0 < i = p < r 
otherwise 


( 2 ) 




and, if X is a Q-scheme, then 


0 if i^O 

K-p,n if i = 0 


/Cp.„ © = KP£ © S^-P£. 


(3) 




V'* 


and, if X is a Q-scheme, then 


if i^r 
if i = r 


1^* 

^r—p^n 


©/c 


* 

1 —p+l,n 


AP£*®S^-P£*. 


Proof. Let n > 0. By Theorem II.41 

0 r2pyj^(n) -A —> ■ • • — Op{n) —>■ 0 

is a resolution of Llp^^{n) by 7r*-acyclic sheaves (by Proposition l3.2ll . One concludes 
then by Proposition [3^ and Remark 13.31 

(3) follows from (2) and (relative) Grothendieck duality: one has an isomorphism 
^p/x “ '^om (Op^^, and then 


M7r*Op^^(—n) ~ KTr^Hom (f2p^^(n), flp/^) ~ RT^om (M7r*Opy^(n)[r], O) 
and one concludes by (2). 

Finally, the statements of (2) and (3) regarding the case that X is a Q-scheme 
follow from Corollary [TTTTJ □ 


Corollary 3.5. (Bott’s formula) LetVr be the projective space of dimension r over 
a field k. Let n be a positive integer number. 


( 1 ) 


dimfc iL«(P„Oj(J 


1 */ 0 < q = p < r 

0 otherwise 


( 2 ) 

dimfc//'^(Pf, Op^ (n)) = ■! ^n+r-p'^^-i^ g_Q 

( 3 ) 

dimfe 7L‘^(Pr, Op^(—n)) = q = r 
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Proof. It follows from TIieorem l3.41 once one proves that dimfc /Cp,„ = ("p • 

From the exact sequence 0 —>• /Cp,„ —>■ A^S (g) S^~^8 —>• /Cp_i_„ —>■ 0 it follows that 
dimfc /Cp,„ + dimfc /Cp_i_„ = hence it suffices to prove that 

fn + r — p\fn — fn + r — p+l\fn — 1\ fr + l\fn — p + r\ 

[ n ){ , )H „ p)[r) 

which is an easy computation if one writes (^) = - 

Remark 3.6. (1) We can give an interpretation of H'^(Pr,8tp (n)) in terms of 
differentials forms of the polynomial ring k[xo,, Xr]', one has the exact sequence 


that is, H°{Fr, Op^(n)) are those p-forms Wp e which are homogeneous 

of degree n and such that io^p = 0, where D = X]i=o 
(2) From the exact sequence 


0 ^ R°(P^, %^{n)) AP£ (g S^-P£ - y£^ 


we can give a different combinatorial expression of dimfc (n)) (as Verdier 

does): 


dimfc R°(Pr,nJ(^(n)) = ^ 


i=0 


n + r — p + i 
r 


It follows from Theorem 13.41 that _ff'?(P, = H‘> p(X^O). For the twisted 

case we have the following: 


Corollary 3.7. Let X be a proper scheme over a field k of characteristic zero. 
Let £ be a locally free module on X of rank r + 1 and P = Proj S'£ the associated 
projective bundle. Then, for any positive integer n, one has: 

(1) dimfc iJ«(P, =ELo(-l)*diniR«(X,AP-*£:®,5"-P+*f). 

(2) dimfc iJ9(P,I2P/^(-n)) = X:Lo(-l)'(g 

with p = r + 1 — p. 

Proof. (1) By Corollary II.Ill one has 

H‘>{F, nP^^in)) © H%F, F!^7i(n)) = R«(P, 

and H‘>(F, = H‘>{X, AP£®S^~p£) by Proposition l3.2l Conclusion follows. 

(2) is completely analogous. 

□ 


3.2. Cohomology of npy^(n). 

Let us consider the exact sequence of differentials 

0 —)• Llx/k ®0 S —S’ ^B/k ^B/o 0 

This sequence locally splits: indeed, if £ is trivial, then £ = if (gfc O and B = 
B (gfc O, with B = S'E; hence, £Ib/o = /k C>fc O and there is a natural morphism 
^B/k ®k ^ ^B/k which is a section of L^B/k —^ ^Bjo- 
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Remark 3.8. The exact sequence is a sequence of graded S-modules, hence it 
gives an exact sequence of O-modules in each degree. In particular, in degree 0 one 
obtains an isomorphism ^x/k = [^B/fc]o, and an exact sequence in degree 1: 

0 —^ flx/fc ®o ^ ^ ^ 0 

which is nothing but the Atiyah extension. 


Taking homogeneous localizations we obtain an exact sequence of Op-modules 
0 Tr*Ux/k ^B/k ^B/o 0 
which splits locally (on X). 


Proposition 3.9. Let n be a positive integer. Then: 


( 1 ) 


( 2 ) 


{ 0 for i ^ 0,r 

^x/k * = 0 

for i = r 




0 

nr 

‘‘‘‘B/k 


for i ^ 0 
for i = 0 


(3) n) = 0 for i ^ r and n) is locally isomorphic to 

®9=o(^r/fc ® ® with q = r + l-q. 

(4) Furthermore, if X is a smooth k-scheme (of relative dimension d), then 




rid+P 

‘‘‘‘B/k 


(g) n 


X/k 


Proof If £ is trivial, then n^/k = T^*^x/k®^B/0, so '^*^x/k®^B/o 

and (l)-(3) follow from Proposition 13.21 in this case. Since £ is locally trivial, we 
obtain the vanishing statements of (I)-(3). 

(1) The natural morphism Lt^x/k '^*^^B/k ^"0 isomorphism because it is 

locally so. The natural morphism —>■ gives a morphism i?'’7r*fig’ll —>■ 

rig’ll = O, which is an isomorphism because it is locally so. Finally, for 


any p > 0, the natural morphism ® ^B/fc induces a morphism 

7r*(Og/j,) 0 i?’"7r*(f2g(|;^) , i.e. a morphism R/~tt, 

which is an isomorphism because it is locally so. 


(2) The natural morphism 


nr 

^‘B/k 




7r*ng/^(n) is an isomorphism because it 


is locally so. 

It only remains to prove (4), which is a consequence of (relative) Grothendieck 
duality. Indeed, notice that, under the smoothness hypothesis, RJ'TT^nr^^^[—n) 
is locally free, by (3). Hence, if suffices to compute its dual. This is given by 
duality: the relative dualizing sheaf is Ll^jx — isomorphisms 
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Q<i+r+l 


— 5 2^/0 


and then: 



TT^'htOTTl 

TT* [-Horn /fe (-»^)) ® tt* )*] 


□ 


Corollary 3.10. The Koszul complexes Kos{£/k)n and Kos{£/k)n are acyclic for 
n > 0 and Kos{£/k)n —> Kos(£’/fc)„ is an isomorphism for any n > 0. 


Let us denote by /Cp_„ the kernels of the morphisms in in the Koszul complex 
Kos(f/fc)„; that is, 



Theorem 3.11. Let £ he a locally free sheaf of rank r + 1 on a k-scheme (X, O) 
and P = Proj S'£ X the corresponding projective bundle. 

Let n be a positive integer. One has: 


(1) 

( 2 ) 


0 for i ^0 

K.p,n for 1 = 0 


and, if X is a Q-scheme, then one has an isomorphism (of k-modules, not 
of O-modules) 

l^p,n 0 l^p—l,n — 

(3) n) = 0 for i ^ r and i?’'7r*r2p^j,(—n) is locally isomorphic to 

©"=0 ^A/fe ® ^r-q,n- Morcovcr, if X is a Q-scheme, then one has an 
isomorphism (of k-modules, not of O-modules) 


(4) If X is a smooth k-scheme (of relative dimension d), then 
RW^P^f^i-n) = ^d+r-p,n ® ^X/k 


and, if X is a Q-scheme, then one has an isomorphism (of k-modules, not 
of O-modules) 





0 £lx/k- 


Proof Iff is trivial, then = Tr*nx/k®^v/x, so = ©,=0 ® ^p/1 

and (l)-(3) follow from Theorem l3.4l in this case. Since £ is locally trivial, we obtain 
the vanishing statements of (l)-(3). 

(1) The exact sequences 0 —>■ —>■ ^ induce morphisms 

whose composition with the natural morphism —t '^*^p~/'k gives a morphism 

Id^x^k '^*’^*^p/fc- This morphism is an isomorphism because it is locally so. 
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(2) The exact sequence 0 ^ —>• rig^^(n) induces, taking 

direct image, the isomorphism 7r*rip^^(n) = JCp^n- 

(4) follows from (2) and (relative) Grothendieck duality. Indeed, notice that, 
under the smoothness hypothesis, n) is locally free, by (3). Hence, if 

suffices to compute its dual. This is given by duality: the relative dualizing sheaf is 
isomorphisms = Vlp^x® '^*^x/k Tlom (Hp^^, Hpy"^) = 

then: 

= (7r,H^+;-^’(n)) ® (Hi/,)* lCd+r-p,n 0 (H^/,)*. 


= 7r,HoTOp(H^/,(-n),Hp/,) 


Finally, the statements of (2)-(4) regarding the case of a Q-scheme follow from 
Corollarv l2.6l □ 


Remark 3.12. For n = 1 a little more can be said (as Verdier does): The natural 
morphism H^/, ® ^ 7r*Hp/,(l) is an isomorphism. Indeed, the exact sequence 

0 —>■ £lx/k ® H —>■ Hg/, —^ ^B/O 0 

induces for each p an exact sequence 

0 —>■ Hi/, (8) H ^ ^B/fc ® ^B/O ^^B/k ® • • • 

and taking degree 1, an exact sequence 

0 ^x/k ® ^ [^B/fc]i ^ ^x/k G) f 0 

On the other hand, taking tt* in the exact sequence 

gives the exact sequence 



Thus, the isomorphism H^/, O f —>■ 7r*Hp/,(l) is proved by induction on p. 

Remark 3.13. It is known (see [T] or 0) that RTT^Hp/, is decomposable, i.e., one 
has an isomorphism in the derived category R7r*Hp/, = ®H^)^ [—z]. Let us 
see that, for p G [0,r], this is a consequence of Theorem 12.11 and Proposition 13.91 
Indeed, by Theorem 12.11 one has the exact sequence 

0 —^ ^p/fc ^B/fc ^B/fe • • • —^ Hg/, —^ Op —^ 0 

and, by Proposition 13.91 H^'^^ are 7r*-acyclic for any z > 0 and = £fx/\- 

Then 

MTT^Hp/, = 0 —^x/fc • • • ^ Hjf/, —> O —> 0 
and, since the differential id '■ ^^x/k ^^x/k obtain the result. 
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The decomposability of implies an isomorphism 

1=0 

For the twisted case we have the following: 


Corollary 3.14. Let X he a proper scheme over a field k of characteristic zero. 
Let £ be a locally free module on X of rank r + 1 and P = Proj S'£ the associated 
projective bundle. Then, for any positive integer n, one has: 

(1) dimfc = Er=o(-i)* dimfc H^ix, 

(2) If X is smooth over k of dimension d, then 

d-\-r—p 

dimfciJ«(P,f2P/J-n)) = ^ {-iydimkH‘^+^-’^iX,[n‘l+l-P-%). 

i=0 


Proof. (1) By Corollarv l2.61 

iJ«(P, F!^/,(n)) © iJ«(P, nl-jlin)) = H<^(F, %,^{n)) 

and iF'J(P, r2gyj,(n)) = H^{X, by Proposition [3iH Conclusion follows. 

(2) follows from (1) and duality. 


□ 
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